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BBo oelectronic board; 9 blocks

I 3 pairs of predefined transformations/moves

¥ Game starts with an initial configuration and
shows you an end configuration.

I Objective is to utilize the transformations to
navigate from initiatonfigto endconfig

¥ In competitive play the player who achieves
the outcome in the least amount of moves, wins.
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Michael Jones, an advisor to my reseaB8Ig;.
Shelton and M.BNeaverdycloriginallypublished
an analysis of this gam@&n God's Numbefor
Rubik'sSlide

In addition, Alm, Gramelspacherand Rice
published an analysis in theemerican
MathematicalMonthly, Rubik'son a Torus

My research will involve a theoretical T
version of the game, which has not yet been
LIN2 RdzOSR 06& (UKS wdzo A (
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Toy Version

Before a full analysis of the Tt version of the
game we want to become acquainted with the
rules and mathematical tools available to study
this game.

B/ NBIFIGS | ac¢c2eé¢ QSINBAZ2Y Y

¥ Convenient for explaining rules.

I Useful fordevelopingand practicing relevant
tools in an easier environment.
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The Rules

1. You are given an initial configuratigra
set of boxes that are colored one or more
colors.

2. You are given a final configuratiqra set Initial Configuration

of boxes with the same amount of colored
boxes but in a different position.

3. There are 6 transformations you are
allowed to make.

4. An ordered sequence (most likely not
unigque) of these transformations should be
Implemented to achieve the final
configuration.

Final Configuration
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3 Pairs of Transformations

U Right shift / Left shift
U Up shift / Down shift

U w @ Clockwise shift / Counterclockwisaift

Initial Configuration

Notation: We will refer to these transformation as

'YAY hWY R Final Configuration
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Transformatiorg Right/Left

Right shift ﬂ

Left shift

Initial Configuration

Observe that both transformations are the same in tQe ¢ toy version.
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Transformatiorg Up/Down

Up shift

Down shift

Observe that both transformations are the same in tQe ¢ toy version.

Initial Configuration
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Transformatiorg Clockwise/CC

JClockwise shifﬂ
JCounterclockwise shin

Initial Configuration




Example Game Play 1

Initial Final




Example Game Play 1

Initial Final




Example Game Play 1

Initial Final




Example Game Play 2

Initial Final




Example Game Play 2

Initial Final




Example Game Play 2

Initial Final




Permutation Notation

Instead of using colors, for ease of reference, let us label each location on our board a number
and define our initial configuration as the first row 1,2 and the second row 3,4, respectively.

12| - [2]1
- P ¢ O T —
v ) 3| 4 4| 3

Using permutation notation we can represent each transformation using our initial
configuration as a reference point.
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Permutation Notation

Instead of using colors, for ease of reference, let us label each lo@ationr boarda number
and define our initial configuration as the first row 1,2 and the second row 3,4, respectively.

1{2| y |3]4
TY(pcor) —
3| 4 1] 2

Using permutation notation we can represent each transformation using our initial
configuration as a reference point.
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Permutation Notation

Instead of using colors, for ease of reference, let us label each lo@ationr boarda number
and define our initial configuration as the first row 1,2 and the second row 3,4, respectively.

12| ¢ |3]1
. (pch) —
3| 4 4 | 2

Using permutation notation we can represent each transformation using our initial
configuration as a reference point.
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Permutation Composition

Yt podlprod bocd

1{2| ¢ [3|1]| r |1]3

ﬁ ﬁ

3| 4 4 | 2 2 | 4

Note: Permutation composition usually occurs right to left but for the benefit of game
notation the operation will go left to right.




Permutation Composition

oy CCENCST) GgY

12| ¢ |31 ¢ [4]|3]| r [3]4

3| 4 4| 2 2|1 1] 2
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Naming Configurations

For convenience it is important to develop a naming system for all of the possible
configurations. The first step in this process is to make an important connection between

the relationship of two specific elements.

Recall that

12 v | 3] 4
¥ P ¢ O T —_— ]
Y
Giod [3]4 1] 2
and
v e pCO"[ Z 7 v e
oY(GTpC) CY &Y

21
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Naming Configurations

This is useful information because it tells us that the transformatyas really just

a composition of transformations involvimgand'Y. We can write all configurations
in terms of6 and"Y without using’Y. This is not to discount the value ofin our
game, which we will see throughout, but as a means to develop a simple naming
system for our configurations.

We see through inspection that the following 8 configurations are the only possible
configurations given our initial transformation rules.

Note: These configurations can be written in many ways and could even utilize the U
transformation but it is beneficial to pick one convention and use it throughout the analysis.
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Initial
1(2
314
R/ Uv \c
2|1 3|4
413 1] 2
R C
311
4| 2
R U N C
113 41| 2
2| 4 3|1
CR CR 2

11/5/2015

R
2
4
RY Uy ™ C
1] 2 4 2
3|4 2 1
Initial C? CR
CR
1
2
Rx Uwy \C
311 2 1
4 (2 1 3
C 3 R

C2
4
2
RX Uy ™ C
3|14 2 21 4
2 4 113
C? R 3
C3
2
1
RMY Uy N C
4|2 1 112
1 2 3|14
C3R CR Initial

CIR
3|4
1|2
RX Uy ™ C
112
3|4 2
C? Initial CR
CR
41| 2
311
RM Uy N C
311 3
4| 2
c3 C CIR




The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity element.

2. The operation on the elements must be associative.

3. Every element in the set must have an inverse in the set.
4

The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity element.

2. The operation on the elements must be associative.

3. Every element in the set must have an inverse in the set.
4

The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.

Note: You have studied groups your entire life, think about the set of Integierpdired with the
operation addition (+).
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity elemdhis the identity
2. The operation on the elements must be associative.

3. Every element in the set must have an inverse in the set.

4

The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.

Note: You have studied groups your entire life, think about the set of Integierpdired with the
operation addition (+).

11/5/2015 26




The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity elemdhis the identity

2. The operation on the elements must be associatAgsociative Property of Addition
3. Every element in the set must have an inverse in the set.
4

The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.

Note: You have studied groups your entire life, think about the set of Integierpdired with the
operation addition (+).
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity elemdhis the identity
2. The operation on the elements must be associatAgsociative Property of Addition

3. Every element in the set must have an inverse in thedegative & positive integers are
Inverses of each other.

4. The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.

Note: You have studied groups your entire life, think about the set of Integierpdired with the
operation addition (+).
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity elemdhis the identity
2. The operation on the elements must be associatAgsociative Property of Addition

3. Every element in the set must have an inverse in thedegative & positive integers are
Inverses of each other.

4. The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the sameAsetany
two integers and the result is always another integer.

Note: You have studied groups your entire life, think about the set of Integerpdired with the
operation addition (+).
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

1. The set of elements must contain an identity element, which is our initial configuration.

P ¢ O
Example
¥ G codorpod YGEpJE o) YO
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

2. The operation on the elements must be associative.

Example:

@y (CINESIY Gy
oY oY CSTNESY B0

C6(@Y (69Y
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

3. Every element in the set must have an inverse in the set.

The inverse ofYIsYY.

R INESY oY)
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

3. Every element in the set must have an inverse in the set.

Theinverse ofo isO 8

o0 P CINEST) oY o

11/5/2015 33




The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

3. Every element in the set must have an inverse in the set.
The inverse off Yis#Y.

sy B S TNESTN) oY o

~

*Youwill have an opportunity to find the remaining inversesragxercises 1.
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The Rubik Slide Is an Algebraic Group

An algebraic group is a set of elements paired with a binary operation that have the following
properties for all elements in the group.

4. The set must be closed, which means that the result of pairing any two elements within the
set with the defined operation results in an element that exists within the same set.

Take any configuration and perform a transformation and the result is another configuration
that is a part of the set of possible configurations. We observed this when we originally
generated all of the configurations of this group.
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The Toy Version is tli@ Group

Now that we have observed that the Toy Version of the Rubik Slide is an algebraic group we can
identify which group it exactly is. The Toy Version is the dihedral group of order 8, writ@n as

We will now focus on the structure of this group and how to navigate through the
configurations. Recall from an earlier slide that the configurations of the Toy Version are the 8
elements,

These 8 elements of this group are generatedvtando.
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Graphing the Toy Version

Utilizing graph theory terminology we can refer to each element of the group as a vertex and the
connections between each vertex is an edge. Edges represent the transformations that generate
our group, nameiwo.

To draw this graph, we need to choose a starting element (choose the identity el&reem

then draw the vertices that are connected to it by the transformatiofend 6. Do this for every
element you connect with until you exhaust all possible options. If we keep track of the direction
of the edges along with which transformation we used then what we have created is called a

Cayley Graph.
Note: This is a Cayley Graph specific to our group. For a detailed definition of a Cayley Graph see Appendix A.
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Cayley Graphs

Displayed are two possmle Cayley graphs the first generated oiilahg 0, the second graph
is generated byyhohand™ 6 Y.

s
S,
~

I C? &l /R
'l' ":;L'.,....“ ’l' 'l'
CR™=Xy > CR CR™X¥ > CR
C3 C3
------ Right transformation ------ Right transformation
—» Clockwise transformation —» Clockwise transformation

------- Up transformation
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Cayley Graphs
Displayed are two possmle Cayley graphs the first generated oiilahg 0, the second graph
is generated byyhohand™ 6 Y.

C C
R _ ”X:-.. CR Rﬂ XX, CR

8 vertices . / / \ 2 I / ~~~~ \ N g B Vvertices
12 edges 1 < : C 1./ >C 16 edges
CR™X ~CR CR™Xg ~CR
C’? C?
------ Right transformation ------ Right transformation
—3 Clockwise transformation —» Clockwise transformation

------- Up transformation
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Hamiltonian Cycle

Another interesting property we would like to search for is the existence of a Hamiltonian cycle,
which is a Hamiltonian path that ends at your initial starting point. A Hamiltonian path is a
sequence of transformations that walks you through every vertex exactly once.

A reason that a Hamiltonian cycle is of interest is bec#use can identify this path then we

have found a sequence of transformations that allows us to travel through every possible
configuration.

Hamiltonian cycles can be difficult to find as your amount of vertices grows larger. In addition, it

IS considered to be a challenging problem for even a computer to solve within a reasonable
amount of time.

11/5/2015

40



Hamiltonian Cycle

Initial C C? c?
3|4 1|3 211 41 2
-p- -P- -P- ~ - P - - Clockwise 90 degrees rotation
1 2 2 4 4 3 3 1 —)p— Shift right transformation
413 311 1|2 2| 4
< € <
211 41 2 3| 4 1|3
R CR CIR C’R

If you start at any configuration and proceed with the following sequence of transformations you
will travel through every vertex of the graph.
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Hamiltonian Cycle

Initial C C? c?
3|4 1|3 211 41 2
-p- -P- -P- ~ - P - - Clockwise 90 degrees rotation
1 2 2 4 4 3 3 1 —)p— Shift right transformation
413 311 1|2 2| 4
< € <
211 41 2 3| 4 1|3
R CR CIR C’R

If you start at any configuration and proceed with the following sequence of transformations you
will travel through every vertex of the graph.

A4

'O 6hMhYHRHRY
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Hamiltonian Cycleo swiivisissiy

We can confirm this using algebra and also by inspecting the Cayley graph.

O000YOO®YWO'Y :
[ 14 e [ 14 e R ~~~~~
"O

------ Right transformation

—» Clockwise transformation

11/5/2015 43




hy D2RQ& bdzYo SNJ

CKS USNYXY D2RQ& ydzYoSNJ NBLINkaSyida GKS O2y OS L
it would be played by utilizing the least amount of transformations to reach any configuration
from some initial configuration.

Ly 3N} LK G§KS2NE {SNYAY 2distArdedbswedn 2y 0@ velficy 0 S NE A
within a graph, in which distance means the number of edges you travel between two vertices.
This is referred to as the distance of a graph.

By utilizing all transformations it is easy to inspect the Cayley grbplsmall graph and o
RSUSNNXYAYS D2RQ& ydzYo SN ¢KS LIJzN1J2asS 2F G(KS
groups so we will observe multiple methods to discaes distance value of a graph.
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B Observe that from elemerni@ou can reach
half of the set of elements.

B With one more transformation the
remaining elements are all reachable.
F¢KS RAaGIYyOS 27 GkS and

number) is 2.

------ Right transformation

—P Clockwise transformation

------- Up transformation
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l V2GKSNI g1 & (G2 20aSNWS D2RQaCydzyoSNJ A& o6@& dz
two graph properties of the Toy version.

Graph Property 1

The Toy version issarongly 4regulargraph

B regularmeans that every vertex has the same
degree (adjacent vertices, 4)

KB strongly regulameans
™ every two adjacent vertices share the same

number of common vertices (1)
™ every two nonadjacent vertices share the
same amount of common vertices (4).

------ Right transformation

— Clockwise transformation

------- Up transformation

46
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l V2O0KSNI glé& (12 20aSNWWS D2RQA YydzYoOSNJ A& o0& dz

Graph Property 1 Graph Property 2

The Toy version issarongly 4regulargraph Every strongly regular graph that have

¥ regularmeans that every vertex has the same two non-adjacent vertices that share
degree (adjacent vertices, 4) at least 1 common vertex have a

KB strongly regulameans distanceof 2.

™ every two adjacent vertices share the same
number of common vertices (1)

™ every two nonadjacent vertices share the
same amount of common vertices (4).

a7
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We can also classify the Toy version asgartite
graph A bipartite graph is a graph that consists of
two disjoint sets of vertices where each set
contains only noradjacent vertices.

This is visually the easiest way to observe the
distance ofthis graph. Notice that you reach any
non-adjacent vertex by way of two simple
transformations toany adjacent vertex then to the
desired noradjacent vertex.
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(0,1)adjacency matrices also provide a useful means to determining the distance of a graph
and this tool will be utilized heavily on the extendedowersion of the Rubik Slide.

To build an adjacency matrix

Each row and column represent an element in the group.

The Toy version has 8 rows and 8 columns.

Every entry will receive eithera O or 1

If the two elements do not share an edge (radjacent) then enter O.

If the two elements share an edge (adjacent, neighbor) then enter 1.
The diagonal of the matrix (an element paired with itself) receives 0.

o0k wNE
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We can use the convenient bipartite graph to build our mat,

I R C CR 2 C2R 3 C3R

SR O A -

®
O )
L@WL“

@
u
=
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We can use the convenient bipartite graph to build our adjacency mai@x,

I R C CR C2 C2R (3 C3R
1|l o 1 1 0 0 1 1 0
R| 1 0 0 1 1 0 0 1
Ccl|1 0 0 1 1 0 0 1
CR]| o 1 1 0 0 1 1 0
c2]l o 1 1 0 0 1 1 0
C2r| 1 0 0 1 1 0 0 1
3l 1 0 0 1 1 0 0 1
C3R| O 1 1 0 0 1 1 0
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Interpret Data and Apply
B 1 represents a single walk (transformation)
along an edge
F Thediagonalofmatrigm O2 y i Ay a | f
F T 0 ®dsthe initial start of the game
before any transformations
1 0ba®
¥ 0 "Qhe identity matrix, a matrix of all
nQa ¢AGK mQa Fft2y3 (K¢
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Interpret Data and Apply Objective
B 1 represents a single walk (transformation) M Find the least amount of walks required to
along an edge connect to every vertex.
F Thediagonalofmatrigm O2 y il Aya | {f MODQd,NE 6KSY y2 nQa S
F T 0 ®dsthe initial start of the game M The¢ 0 & Gis@he degree of the
before any transformations polynomial expression that represents that
1 0ba® walk.
F O “‘Qhe identity matrix, a matrix of all “8 The value ot is the dimension of the

nQa gAUK mQa f2y3 (0KS RWILIR YOIAPSP® D2RQA Vyd
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m 0Qd ©
P LWa O o

11/5/2015

O

Objective

M Find the least amount of walks required to
connect to every vertex.

MOOOdzNER 6KSY y2 nQa S

M Thet 0 @ disGhe degree of the
polynomial expression that represents that
walk.

“ The value of is the dimension of the
AN} LK O0ADPSD® D2RQa yd
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m 0Qd ©
P LWa O o
¢ Lwa O o
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O

5

Objective

M Find the least amount of walks required to
connect to every vertex.

MOOOdzNER 6KSY y2 nQa S

M Thet 0 @ disGhe degree of the
polynomial expression that represents that
walk.

“ The value of is the dimension of the
AN} LK O0ADPSD® D2RQa yd
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N O o

o

CR
C2
C2R
c3
C3R

N N T
PR R N
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E: € &
Q- Qo

o CCC

‘?‘@ "O

O o

DO o o

C CR 2

1 4 4

4 1 1

5 1 1

1 5 4

1 4 5

4 1 1

4 1 1

1 4 4
oFm =

C2R

=B U D

c3

(SRS | QSN SO S

C3R

8 RSN N QR TN N

Objective

M Find the least amount of walks required to
connect to every vertex.

MOOOdzNER 6KSY y2 nQa S

M Thet 0 @ disGhe degree of the
polynomial expression that represents that
walk.

@ The value ot is the dimension of the
AN} LK O0ADPSD® D2RQa yd

Results

Mc VOO 6 o0 firstoccurrence of
gKSY yv2 nQa SEA&G Ay

" Dimension of graph i
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I Theoretical game not currently manufactured.

I Similar transformations to the Toy Version.
™ Right / Left

™ Up / Down

™ Easy
=l Clockwisan 1t/ Counterclockwiseo it
0 O

™ Hard

=l Clockwisar 1t/ Counterclockwise 1t
= 0 O

™ Easyo w\ersion uses one color

™ For richer analysis we will analyze 16 colors.
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3 Pairs of Transformations

U Right shift / Left shift
il Up shift / Down shift Initial Configuration
U w #Clockwise shift / Counterclockwise shift | |
U Objective: Using transformations navigate from
Initial configuration to final configuration. H
Final Configuration

Ngtatign:wWe yviU refer to these transformation as
‘YAY hYhyY hoho ]
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Transformatiorg Right/Left

1 2 3 4 4 11213
1 Right shift 182 j 160 171

5 6 7 8 1613 (14 | 15
91101112 2341
67815

131141516 =|Left shzilft il Rl I
14(15(16 |13

Initial Configuration

Observe that both transformations are the same in tQe ¢ toy version.
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Transformatiort Up/Down

12314
S16| 7|8
9110 11|12
13(14 15|16

Initial Configuration

11/5/2015

Observe that both transformations are the same in tQe ¢ toy version.

?

T

Up shift

=

Down shift

10

11

12

14

15

16

14

15

16

10

11

12
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Transformatiorg Clockwise/CC

12314
S16| 7|8
9110 11|12
13(14 15|16

Initial Configuration
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Observe that both transformations are the same in tQe ¢ toy version.

F Clockwise shift

F F
Counterclockwise shift

13

9

14

10

15

11

16

12

S
6
7
8

F - VS N ST

12

16

11

15

10

14

4
3
2
1

8
7
6
5

9

13
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Example Game Play 1

H:

Initial Final




Example Game Play 1

=~ n

Initial Final




Example Game Play 1

H:

Initial

J

Final




Example Game Play 1

|

Initial Final




Example Game Play 2

Initial Final
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